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© Challenges in game semantics of dependent types
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Game semantics is a particular class of mathematical semantics of logic
and computation that interprets types and terms by games and
strategies, respectively. Its notable advantages are:

Naturality: terms as interactive processes (e.g., ¢ : Vo € N. P(x));
e Precision due to intensionality: full completeness/abstraction;
e Semantics: syntaz-independent, analytic and non-inductive;
e Uniform interpretation: effects and linear logic.
Why does it matter?
@ As an inspiration for new categories and types;
e For the meta-theoretic study of type theory (e.g., independence of
Markov’s principle);
e As pure mathematics of logic and computation in its own right:
algorithms, normalisation, higher-order computability, etc.
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A challenge: game semantics of dependent types

One of the most difficult problems in game semantics is to interpret
dependent types. No established solution for more than 25 years.

e This is notable since game semantics has been highly successful in
modelling a wide range of logics and computations;

e Even more than one game semantics of System F was established
since 2005.

Why does game semantics of dependent types matter?
e For the meta-theoretic study of dependent type theories;

e For combining dependent types and effects/linear logic;

For designing new dependent types and their categorical semantics;
e For computational understanding of quantifications.

If you are working on these topics, we should collaborate!
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The main challenge in game semantics of dependent types is to model
quantifications II(A4, B) and X(A, B) in terms of processes.

o The set-theoretic interpretations, f: A — (J,c4 B(x) and
(a,b) € A x U eq B(x), where Vx € A. f(x) € B(z) and b € B(a),
are simple since the type dependency is on total, static objects;

e In contrast, z, f(z), a and b are often partial, dynamic processes
in game semantics, and it is far from obvious how to impose the
type dependency on ever-changing stages of processes.

There is one proposal on game semantics of dependent types by
[Abramsky et al., 2015], but it is not completely satisfactory:

e Ad-hoc: It is limited to a very specific class of dependent types;

e No games for Sigma-types: II(X(A, B),C) as II(A,II(B, C)), and
II(A,%(B,C)) as (¢ : (A, B), ¢ : II(A, C{¢}));

e Syntactic and inductive: It models types and terms by lists of
games and strategies, respectively.
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N-, Pi-, Sigma- and Id-types as well as universes.

o It interprets a standard class of dependent types;

e It has no list constructions (i.e., not inductive or syntactic);

o It interprets Sigma-types directly by games.

Theorem (game-semantic finite limits)

The game semantics has all finite limits. J

Corollary (game semantics of homotopy type theory)
There is game semantics of homotopy type theory. J
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Definition (product, tensor and linear implication on games)
Product: G& H := GW H;

Tensor: G H:={se€ (MgwMy)|s|GeG,s|HeH};
Linear implication:

G—oH:={se(M¥PwMpy|s|GeG,s|HeH}
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Terminal game T := {€}; empty game 0 := {¢, q}; boolean game
Q:={e,qtU{gb|beB}; N-game N :={€,q} U{gn | n e N}.

Definition (strategies)

A strategy o on a game G, written o : G, is a partial map

{odd—length positions mims ... mo;41 in G} — {P—moves m in G}

s.t. myma...mo;r1m is a position in G.
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Existing method: Abramsky et al. interpret the Sigma-type X .nNp(x)
by the set of all lists (k: N,n : Ny(k)), and its terms by these lists.

More generally, they adopt the syntactic, inductive method of contexts
I'=A1.45... A, and context morphisms

(A ALAS A(o1), . AD A (b1, 2 1))t A — T

This list construction is nothing about game semantics.
Also, in their approach, total morphisms on the game (N, Listy) are
(k,nm1 ®ng ®---) (whatever k € N is)

where the second component is an infinite iteration of tensor ®. They
focus on a limited form of dependent types to circumvent this problem.

No games interpret more standard dependent types (e.g., Listy ).
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No equalisers in games

This problem in game semantics of Sigma-types is also related to:

The category of games and strategies is not finitely complete.

In fact, there is no equaliser of

tt

N&N Q

=
since such an equaliser would serve as the impossible game X(N, Np).
Why does it matter?

e To internalise co-groupoids in the category of games and strategies
for game semantics of homotopy type theory;

o To study predicative topos by games.
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e ¢: |II(T, A)| passes the test if it follows the rules of the subgame
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We finally define the pi II by II(T', B) := II,(IT", B), where B is over !T.
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@ Given s € IIy(T', A) ()", O can perform the next move m as in
Tr — fA('y)(¢ OFY) c |H€(F7A)‘7 Le., sm €7p —o fA(’y)((bo 7)7 for
any v : I' not yet excluded, i.e., 8 € Jp —o fa(y) (¢ 07);

@ Given tl € IIy(T', A)(¢)°%, the next move r by ¢ must be as in
Ar = fa@) (@ o) € [, A)], Le., tlr € Jp —o fa(y) (¢ 07), for
any v : I' not yet excluded, i.e., tl € p —o fA(W)(gb o).
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For completeness, we define the sigma X(T", B) by
o [X(I',B)| := || & |B;
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Sigma-types and finite limits in predicate games

For completeness, we define the sigma X(T", B) by

o [X(I', B)| := |I'| & |B;

o fur,p)((v:8) = fr(v) & fp(1)(B) for all (v, 8) : [E(L, B)|.
Theorem (finite limits in predicate games)

The categories of p-games and strict strategies are finitely complete.

D—

N. Yamada (Univ. of Minnesota)

Game semantics of MLTT Feb. 11, 2021, Western 21 /23



Main ideas in my solution

Sigma-types and finite limits in predicate games

For completeness, we define the sigma X(T", B) by
o |X(T',B)| :=1T'| & |B|;
o for,p) (1, 8) = fr(7) & fp1)(B) for all (v, ) : |E(T, B)|.

Theorem (finite limits in predicate games)

The categories of p-games and strict strategies are finitely complete.

Proof (sketch).
The equaliser of given morphisms ¢1, ¢ : I' = A is the p-game ©

if b1 8 0 = by 0 0
defined by [O] = [T] and fo (@) = 4 /T T ored=c20b "
T otherwise

¢ : |©], together with the identity idjg| : © — T

N. Yamada (Univ. of Minnesota) Game semantics of MLTT Feb. 11, 2021, Western
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Some of the ongoing and future research:
o To combine dependent types and linear logic;

e To combine dependent types and effects (esp. classical logic);

To interpret W-types;

To study predicative topos;

To interpret higher inductive types.

Game semantics plays the roles of:
e An analytic, semantic example of categories and types;
e A mathematical tool for the study of type theories;

e A foundation of generalised computability /constructivity.
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To see this point, consider the subobject (N — N)T of the linear
implication N — N defined by:

o [N —o N)t|:=N — N;

_ N -—-oN if¢pon#0forallneN
° f(N_ON)+(¢) - 0 otherwise

for all
¢:|[(N — N)T|.
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To see this point, consider the subobject (N — N)T of the linear
implication N — N defined by:

o [N —o N)t|:=N — N;

N -—-oN if¢pon#0forallneN
o fin—nyt(0) =

0 otherwise
¢:|[(N — N)T|.

Le., ¢ : N — N satisfies ¢ : (N — N)7 if and only if ¢ never outputs 0.

for all
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Appendix

Not an elementary topos

The finitely complete category of predicate games and strategies is not
an elementary topos. This indicates its predicativity.
To see this point, consider the subobject (N — N)T of the linear
implication N — N defined by:

o [N —o N)t|:=N — N;
N -—-oN if¢pon#0forallneN

0 otherwise

for all

o fin—ny+(0) =

¢ |(N — N)F|.
Le., ¢ : N — N satisfies ¢ : (N — N)7 if and only if ¢ never outputs 0.
Then observe that there is no winning morphism (N — N) — € that
characterises the subobject (N — N)™ since there is no finite
interaction with a given ¢ : N —o N that decides if ¢ never outputs 0.
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